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HP 48GlI Solving differential equations

The menu SYMBOLIC SOLVE

The menu SYMBOLIC SOLVE menu is t he BLUE shifted function of the key. This menu contains commands for symbolically
solving a great variety of problems. Two of these commands, DESOLVE and LDEC are for symbolically solving differential equations.
To access the menu you press (& )ssv_ .
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How differential equations can be displayed

On the HP48Gl differential equations can be denoted in two different ways. The first is to use some of the built-in differentiation
commands. For example the differential equation:

S

=T )
can be denoted as:
2
T tTHN=T )

or

DERIMVOY O XD, ¥ISY (XD

or (if the current variable VX is X)

DERMECY (XD I=Y ()

The second way to denote differential equations is to use the formal derivatives of the HP48GlII. Formal derivatives are written starting
with the letter "d", then a number that indicates the position of the independent variable in the unknown formal function, then the
unknown formal function followed by its arguments in parentheses. For example the above differential equation could be also written
as:

JLY O A=Y OH D

where d1Y(X) means the derivative for the first variable (i.e. X) of Y(X). According to this rule of syntax the differential equation:

afvioa

3 =70
a0

can be written as:
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or

DERIVIDERIVOYO X 1aX 1o X ISV X ]
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or (if the current variable VX is X)

DERVE=(DERWVXIY XD I I=Y XD

or

Jdidiv i I=Y O]

All intermixed notions will be also accepted as valid arguments. For example one could also write:
=
E[di‘f( £ J]:‘T’I:}{ZI

Notice that in all notions the unknown function is written as Y(X) and not simply as Y. This allows for the use of any possible name for
the unknown function and its independent variable.

The basic commands for symbolic solutions

The command DESOLVE takes two arguments: An ordinary differential equation of first or second order and a formal function for which
the differential equation must be solved. The second argument of DESOLVE is the unknown function. The command returns the
symbolic solutions for the unknown function. These solutions contain also the constants of integration, which are denoted as cC0, cC1,
¢C2, and so on. The command DESOLVE accepts also a vector as its first argument, that contains the differential equation and the
initial conditions of the problem. The solutions do not contain any constants of integration if a vector is used as input.

The command LDEC finds solutions of linear ordinary differential equations of any order with constant coefficients. It takes two
arguments: the right hand side of the differential equation and the characteristic polynomial in the current variable VX (usually X) of the
differential equation. It returns the symbolic solutions for the unknown function with constants of integration, denoted as ¢C0, cC1, cC2,
and so on. The command can also solve systems of linear differential equations. In this case it needs a vector containing the right hand
side of the differential equations, and a matrix containing the constant coefficients of the characteristic polynomials of the differential
equations.

The built-in form for numeric solutions

Though the HP 48GlI can solve many differential equations symbolically there will be many cases in which it can't deliver such a
solution, or which don't have an closed analytic solution at all. Even in such cases the HP 48GlI provides a great variety of ways to
solve such equations numerically. The most convenient way to numerically solve a differential equation is the built-in numeric
differential equation solver and its input form. This built-in application is accessed in several ways. For example you can press

(P )numsy to get the CHOOSE box with all numeric solvers available in the system:

[1.Faluz equation. |
2.folug diFF 24..
Z.oaolug poly.,
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I I N B TTATE Figure 2

[
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a0 fan

The first menu item is for solving equations numerically. The second is for solving differential equations numerically. The third provides
numerical solutions for polynomials of any degree. The fourth solves systems of linear equations numerically. The fifth is for financial
problems. The sixth is for numerical solutions of systems of arbitrary equations.

Press to start the built-in numeric differential equation solver.
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F SOLNE 5 (TISFOT, VD 3

F:
Indep: ¥ Init:@ Final Ext .,
soln: % Init:@ Final

Tol: AEEA] step: Df 11 _stiFF

Enter Function oF INDEF and S0LND
RESET| cALC [TrrEz] —Jeancil on JEEMINE

The input field f; is where we enter the right hand side of the differential equation of the form Y'(t)=F(T,Y). The input field Indep: is for
specifying the independent variable of the differential equation. In the same row, Init: takes the initial value and Final: the final value of
the independent variable of differential equation. The field Soln: is for entering the dependent variable. Init: takes the initial value of the
dependent variable. Final: is the field where the numeric solution is put when the HP48GlII solves the problem. The field Tol: is for
specifying the maximum tolerance for the answer, Step: is for the maximum step size of the calculation. (The solution is calculated
stepwise according to the Runge-Kutta-Fehlberg method.) The option _Stiff is for specifying that the problem is "stiff", which causes the
HP48GlII to use a special method suitable for such problems. The menu ke i is for editing the data of an input field.
allows selecting between several alternatives i replaces the current initial values by the current final values. And finally
returns the solution for the differential equation.

The next few examples barely begin to explore differential equations on the 48GlI.
Practice solving differential equations

Example 1:  The differential equation of the concentration c(t) of a chemical substance that undergoes decay in a first order reaction
is given by:

S ==k
Find c(t) if the initial concentration is ¢(0).

Solution: Assume algebraic mode and CHOOSE boxes. Press (& )ssv

FAD (<. L0 HERW i

T | | ——
LIEOL
.LDEC

LLINSOLVE
LEOLVEWS
LEOLVE

ICTT I N N T T Figure 4

mm.:wrul--

Choose DESOLVE and enter the differential equation.

() _ (@) @) DaemmE) ==@IRa=E)
v @A@Y @)deEms

EAD ¥YZ HEX E= 't AL

LHOHEX

=DESDL'-.-'E[ﬁTEit]]=—k ity
{I:[t] = X k}

FEVTT ] YTEW] FEL | 2100 P URGETCLEAF Figure 5

Notice that the variable VX was changed to t (upper edge of the screen). Extract the solution from the list.

(D (6)om @@ (7)) @m ) s
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EAD ¥YZ HEW K= 't'
LHOHEZ

ALG
I~ e Tl
tHEADIAMHSIIN 1
E[t]=EEBIEt—'k
LEDIT | VIEH | RCL | =Tak [FURGE[CLEAR SIS
Substitute t=0 in the above solution.
s (P 1 ()0 ()@ (P]) =0
EAD ¥YZ2 HEX E= 't AL
+HOHEX _
. HHS[1]|t -5 i,
_c
Cig= Ek-la
LEDIT | VIEH ]| RCL | =Tak [FURGE[CLEAR IS,

Solve for the integration constant cCO.

@5 EOEEEMN () @@ @000

FEAD HYZ HEX F= 't' AL
1HONED S—

ClEl==—=
: SOLYEIANSI(1),'cCa')

R
[EDXT | WIEW | RCL | ZT0F [PURGE|CLEAR)

Figure 8
(P A6 (2 )@vm () (expand)
EAD HYZ2 HEX E= 't AL
THOHEX
: SOLVEIANS1),'cCEn i
cCB=ClAle
: EXPAMCIAMST 1]
cCE=CIE)
[EDTT [ VIEW | Rl | STok [FURGE|CLE AR MM

Substitute the constant cCO in the general solution. The general solution of the differential equation is the fourth most
recent answer of the HP48GII. Use ANS(4) to refer to it.

() _as(EIE@ @M @ @@ P (Dm

FAD HYZ HEWX K= 't°' ALG
1HOUHED

cCE=CIH)
i SUBSTIAMSI4),AMSI1)

=ClEl——
Cit)=CiE—

e
EDIT | UTEM | RCL | =Tk [FURGE[CLEAE]

Figure 10

If you don't like the exponential in the denominator linearize the expression.

() A @M
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EAD ¥YZ HEW K= 't' ALG
LHOHEZ

ot =0 —=

fLIMAHSI1N
Cit1=2

EDIT | WIEH| RCL | =Tk [FURGE[CLEAR]

Figure 11

Get information about the kind of the differential equation. (The calculator creates a variable in the current directory

where it stores the type of the differential equation.)

EAD HY2 HEX R= 't AL
IHOHEY
ILIMIAMSILN -
Citl=e  CI@
t0ODETYFE )
"1=t order linear"
oETY VFHE [ TERR T Eg [ FFAF [LENGTIESITYRD)
Answer: s(tr=ci@pe
Example 2: A physical body moves under the influence of a constant force F in a viscous liquid. The differential equation of its
motion is:
BHLE K
Find the velocity of the body at t=1s, t=2s, t=5s, t=<0 if the initial velocity was 0.
with m=0.8Kg, F=3.5N, k=2.3Kg/s
Solution: Start the numeric differential equation solver.
(D
ESOLYE Y (TH=F T, VD
F:
Indep: 7 Init:d Final Ext,,
soln: Y Init:@ Final
Tel: JBEABAL Step: Df 11 _stifr
Enter Function of INDEF and $OLN
(0 T T R T T Figure 13
Enter the right hand side of the differential equation.
(P ew (3-8 (238D w2 ) @ (@ve)
F: 2,57, 8-2. 37, 8%
Indep: ¥ Inat:d Final Ext .,
foln: Y Init:@ Final
Tol: BAA] step: Df 1t _5tifF
Enter Function of INDEF and SOLN
I T . ETHOETYE Fgure 14
Enter the independent variable.
o L) ()@
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hp calculators

FSOLUE Y (TI=F T, Y0
F: 3.3, 8-2. 37, 8%u

Indep: 1 Initmﬁnul Ex=t..
faln: Y Init:@ Final

Tol:  EHEEA] =tep: Df 11 _stirF

Enter initial indep war walug

E0IT] | ] JINIT+:=0

Enter the final value of the independent variable.

L))

EZ0LVE Y (TI=FiT,W2
F: 2.0, 82,87, 8%
Indep:t  Init:H Final 1
foln: P Init:0 Final
Tol: , AEAE] step: Df 1t _ FtiFF

Enter zolution udr naHe

EpIT] | ] JINIT+z=0

Enter the dependent variable.

D@0

OLYE Y (Ta=FIT,i)
F 2.5 82,27, 830
Indep:t Init:@ Final 1
sotn: o Init {SJFina

Tol: BEEA] =tep: Df 11 _stirF

Enter inditial Zolution war walug

EDIT] | | JINIT+[S0LVE

Solve for the final value of the dependent variable.

View the solution

ES0LYE YU CTISFAT,W)
F 2.5, 8-2. 3. 8%y
Indep:t  Init:@ Final 1
folpn: 10 Init:H Faira | .
Tol:  BEE] step: Df 1t _ stiFF

Frezs S0LVE For Findl Zoln walug

ERIT| [ |  JINIT+[S0LVE

ES0LYE YU CTISFAT,W)
F 2.5, 8-2. 3. 8%y
Indep:t  Init:@ Final 1
folpn: 10 Init:H Faira | .
Tol:  BEE] step: Df 1t _ stiFF

1.43559323731
L JCARCL] ok

to finish viewing. Use the final values as new initial values.

Figure 15

Figure 16

Figure 17

Figure 18

Figure 19
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Enter the new final value

2] 0D 0D

SOLVE VU OTISFAT, VD &
F

Indep: 1

Init:]

Tol:  BEEA] step: [f 11

for t and solve again.

ZOLYE Y'(Ta=FiIT,¥2
F: 2.05. 82,34, 8%0
Indep:t  Init:1 Final 2
folp: o Init:1. 4., Final jii
Tol:  AEAEA]L =tep: DF 11

Repeat the process for t=3s.

Repeat the process for t=5s

ERIT] | | JINIT+[S0LYE

Press

D EBEE OO

D EBEEOIO

SOLVE VU OTISFAT, VD &

F 3.00. 82,34 8%0
Indep:t  Inik:2 Final 2

soln: o Init:1.5,, Finol [
_STiFF

Frezz SOLVE For Findl oln value
ERIT] | | JINIT+[S0LYE

Tol: . @AE]T step: DF 1t

ZOLYE Y'(Ta=FiIT,¥2
F: 2.05. 82,34, 8%0
Indep:t  Init:3 Final 5

folp: o Init:1 . 5., Final SRS
Tol:  AEAEA]L =tep: DF 11

usly as the time passes by the velocity seems to approach a limit. Press Do) DI
to calculate velocity after "infinite" time. The calculation takes a couple of seconds.

ZOLYE Y'(TI=FLIT,¥2
Fi 3.00. 82034, 8%0

Indep: 1  Init:5 Final 1 B@E
foln: o0 Init:] . 5., Final JEEET
Tol:  AEEAL step: Df 11 _Stirff

Frezs S0LVE For Findl Faln walug

3.00. 82034, 8%
Final ]

foln: o0 Init:1 .4, Final jiS
_ STiFF

Frezz SOLVE For Findl oln value
ERIT] | | JINIT+[S0LYE

=
_ RtiFF
Frezs Z0LVE For Final Zaln walug

EDIT] | | JINIT+[S0LVE

_ RtiFF
Frezs Z0LVE For Final Zaln walug

EDIT] | | JINIT+[S0LVE

Figure 20

Figure 21

Figure 22

Figure 23

Figure 24

to quit and return to the stack. The HP 48GlI put copies of all results in the stack as pairs of tolerance

and solution values. If you press you see that it also stored the equation in variable EQ, the last value of t in
variable t, and the last calculated value for v in variable v:
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EAD ¥YZ HEW K= 't' ALG
LHOHEY

Solution:l.S21467563923
Tolerance: . @EAL
Solution:1.52173869336

Tolerance: . BEGE
Solution:l.52173886357
I TR TGN Fgure 25

It seems that v really approaches a limit. If this differential equation were to be solved symbolically, we would see that
this limit is given by F/k. If we calculate this using the values that we used here, we find 3.5/2.3=1.52173913043 which
agrees very well with our numeric calculation of v for growing values of t.

Answer: 1.43589923731m/s, 1.51690188958m/s, 1.52146763983m/s, 1.52173869336m/s, 1.52173886357m/s
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